We investigate theoretically the properties of a weak link between two superconducting leads, which has the form of a non-superconducting nanowire with a strong Rashba spin-orbit coupling caused by an electric field. In the Coulomb blockade regime of single-electron tunneling, we find that such a weak link acts as a "spin splitter" of the spin states of Cooper pairs tunneling through the link, to an extent that depends on the direction of the electric field. We show that the Josephson current is sensitive to interference between the resulting two transmission channels, one where the spins of both members of a Cooper pair are preserved and one where they are both flipped. As a result, the current is a periodic function of the strength of the spin-orbit interaction and of the bending angle of the nanowire (when mechanically bent); an identical effect appears due to straininduced spin-orbit coupling. In contrast, no spin-orbit induced interference effect can influence the current through a single weak link connecting two normal metals.
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Superconducting spintronics [1] is of great interest in modern research on nanophysics, due to its potential for offering both spin control and dissipationless spin transport. In this Letter we consider the Josephson current between two superconductors connected by a weak link. The link suppresses the pairing potential, thus allowing external manipulation of the spin structure of the Cooper pairs. An obvious way to achieve this is to use the Rashba spin-orbit (SO) coupling [2, 3] , which can be generated by an external electric field. The SO coupling rotates the electron spin around an axis fixed by the electron momentum and the electric field [4] . Quite a number of papers investigated the effect of this interaction on the Josephson current [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Most found that modifying the Josephson current by the SO interaction necessitates breaking time-reversal symmetry, e.g., by a magneticfield induced Zeeman splitting [5] [6] [7] [8] [9] 11] or by magnetic exchange interactions [9, 10, 14] . Here we achieve the desired spin control without any magnetic field [15] .
A mechanically bent one-dimensional (1D) nanowire subjected to a strong Rashba SO interaction and suspended between two normal bulk conductors was considered in Ref. 16 , where it was shown that none of the three components of the electronic spin is a good quantum number. Hence, the transfer of electrons through this non-superconducting weak link results in a split of the spinor wave-function with respect to the two possible spin projections of the incident electrons. Since the dynamic transformation of the spin caused by such a "spin-splitter" is fully deterministic -in contrast to the stochastic spin flips due to magnetic impurities -one may expect consequences in the form of various interference phenomena. Here we show that the splitting of the spin state of the paired electrons that carry the Josephson current may transform the spin-singlet Cooper pairs into a coherent mixture of singlet and triplet spin states. This mixture gives rise to interference between the channel in which both electrons preserve their spins and the channel where they are both flipped. The resulting interference pattern, that appears in the Josephson current but does not show up in the normal-state transmission of the junction, allows for electrical and mechanical control of the Josephson current between spin-singlet superconductors, corresponding to a new type of "spin-gating" [17] of superconducting "weak links".
To illustrate our calculation, Fig. 1 uses a semiclassical analogue of the quantum evolution of the spin states of electrons which move between two bulk leads via a weak link, where they are subjected to the Rashba SO interaction. For simplicity we assume for now that the weak link is a straight 1D wire along thex−axis. The SO interaction in the wire is due to an electric field, which for the moment is assumed to point alongẑ and therefore corresponds to an effective SO-interaction-induced magnetic field directed alongŷ. Figure 1(a) illustrates a single-electron transfer from one normal metal to another. Without loss of generality, we choose theẑ−axis in spin space to be along the direction of the polarization of the electron in the first (left) metal. Semiclassically, the spin of the injected electron will rotate in the XZ−plane as it passes through the wire. As a result, the spins of the electrons that enter the second metal from the wire are rotated around theŷ−axis by an angle proportional to the strength of the SO interaction and the length of the wire. This rotation depends on the direction of the "initial" electron's polarization. It occurs only if the polarization has a component in the XZ−plane. Quantum mechanically, the electron's spinor in the left metal is an eigenfunction of the Pauli spin-matrix σ z , and the spinor of the outgoing electron is in a coherent superposition of spin-up and spin-down eigenstates of σ z .
How can this picture be generalized to describe the transfer of the two electrons of a Cooper pair between two bulk superconductors? The simplest case to consider, which we focus upon below, is when single-electron tunneling is Coulomb-blockaded throughout the wire. While the blockade can be lifted for one electron, double electron occupancy of the wire is suppressed, i.e., a Cooper pair is mainly transferred sequentially, as shown in Fig. 1(b) . Each electron transfer is now accompanied by the spin rotation shown in Fig. 1(a) . However, since the two transferred electrons are in time-reversed quantum states, the time evolution of their spins are reversed with respect to one another, and their rotation angles have opposite signs [step 4 in Fig. 1(b) ]. This final state [ Fig. 1(c) ] can be expressed as a coherent mixture of a spin-singlet and a spin-triplet state, but only the former can enter into the second superconductor. As we show below, this projection onto the singlet causes a reduction of the Josephson current.
becomes an ''active player'' due to the enhanced spin-orbit interaction induced by the Rashba effect [1] in these lowdimensional structures [2, 3] . This interaction can be also modified experimentally [4] [5] [6] . The quantum-coherence control of spin-related devices and the spatial transfer of the electron spins are among the most challenging tasks of current spintronics, as they can bring up new functionalities. Thus, e.g., quantum interference of electronic waves in multiply connected devices was predicted to be sensitive to the electronic spin, leading to spin filtering in electronic transport [7] .
In charge transport, electronic beam splitters (e.g., by tunnel barriers) are key ingredients in interference-based devices. In this Letter we propose that tunnel-barrier scatterers may serve as coherent splitters of the electronic spin when the tunneling electrons also undergo spin (Rashba) scattering. This allows us to map various interference based phenomena in charge transport onto electronic spin transportation. Such spin splitters can be readily made functional by adding to them a mechanical degree of freedom, which serves to control their geometrical configuration in space, to which the Rashba interaction is quite sensitive. Because of this, one achieves mechanical coherent control and mechanical tuning of the spin filters [8] .
We suggest that a suspended nanowire, acting as a weak link between two electronic reservoirs, is a good candidate for such a Rashba spin splitter (see Fig. 1 ). The amount of tip electrode (also displayed in Fig. 1 ). This Rashba scatterer is localized on the nanowire, and serves as a pointlike scatterer in momentum-spin space for the electrons incident from the bulky leads. When there is a spin imbalance population in one of the leads (or both), and the Rashba spin splitter is activated (i.e., the weak link is open for electronic propagation) spin currents are generated and are injected from the pointlike scatterer to the leads. Thus the 0031-9007=13=111 (17)=176602 (5) 176602-1 Ó 2013 American Physical Society the electron spins are among the most challenging tasks of current spintronics, as they can bring up new functionalities. Thus, e.g., quantum interference of electronic waves in multiply connected devices was predicted to be sensitive to the electronic spin, leading to spin filtering in electronic transport [7] . In charge transport, electronic beam splitters (e.g., by tunnel barriers) are key ingredients in interference-based devices. In this Letter we propose that tunnel-barrier scatterers may serve as coherent splitters of the electronic spin when the tunneling electrons also undergo spin (Rashba) scattering. This allows us to map various interference based phenomena in charge transport onto electronic spin transportation. Such spin splitters can be readily made functional by adding to them a mechanical degree of freedom, which serves to control their geometrical configuration in space, to which the Rashba interaction is quite sensitive. Because of this, one achieves mechanical coherent control and mechanical tuning of the spin filters [8] .
We suggest that a suspended nanowire, acting as a weak link between two electronic reservoirs, is a good candidate for such a Rashba spin splitter (see Fig. 1 We consider a model where a Cooper pair is transferred between superconducting source and drain leads via virtual states localized in a weak-link wire [see Fig. 2(a) ]. The corresponding tunneling process, which supports multiple tunneling channels, was analyzed in detail in Ref. 18 . A significant simplification occurs in the Coulomb-blockade regime, defined by the inequality
|∆|, where |∆| is the energy gap parameter in the superconducting leads [19] , and E C (N ) is the Coulomb energy of the wire when it contains N electrons. In this regime tunneling channels requiring two electrons to be simultaneously localized in a virtual state in the wire can be neglected, hence the sequential transmission. Another simplification follows from our assumption that the length of the wire d is short compared to the superconducting coherence length ξ 0 ≡ v F /|∆| [19] , so that the dependence of the matrix element for a single electron transfer on the electron energy in the virtual states can be ignored. More details are given in Ref. 20 . A final simplification, facilitated by the device geometry, concerns the conservation of the electrons' longitudinal momenta as they tunnel between the two leads. In Fig. 2 , the wire ends are placed on top of the metal leads and separated from them by thin but long tunneling barriers. Since the direction of tunneling is nearly perpendicular to the direction of the current along the wire, such a geometry is conducive to longitudinal momentum conservation [21] .
These simplifying but realistic assumptions allow us to describe the transfer of a Cooper pair between the two superconductors in terms of single-electron tunneling, as given by the Hamiltonian
where ξ k(p) = k(p) − µ, is the quasi-particle energy in the left (right) bulk superconducting lead with order parameter ∆ L(R) , and µ is the common chemical potential.
Single-electron tunneling between the leads is described by the tunnel Hamiltonian
where [W p,k ] σ,σ = [W −p,−k ] −σ,−σ * are elements of a matrix in spin space, which obey time-reversal symmetry [22] . The operator c † k(p)σ creates an electron in the left (right) lead, with momentum k(p) and a spin index σ, which denotes the eigenvalue of the spin projection along an arbitrary axis. The Cooper pairs in both superconducting leads are formed by electrons whose spin projections on their common quantization axis have opposite signs, denoted by σ andσ. The Hamiltonian (2) describes how single electrons are transferred through the nanowire weak link while their spin states evolve under the SO interaction, which is geometrically confined to the wire. Such tunneling amplitudes, for a normal-state junction, were considered before [23, 24] .
We assume a weak link containing a bent wire [see Fig. 2(a) ]. The actual calculations are done for the geometry shown in Fig. 2(b) , where the weak link comprises two straight 1D wires, r L and r R , of equal length d/2, connected by a "bend". The angles between these wires and thex−axis are θ and −θ, respectively. As shown below, the resulting Josephson current depends on θ, allowing its mechanical manipulation. The Rashba Hamiltonian for a wire lying in the XY −plane is
where r is the coordinate along a straight wire segment, σ is the vector of the Pauli matrices, m * is the effective electronic mass, and k so is the strength of the SO interaction in momentum units (using = 1), related to an electric field alongn that generates the SO coupling [2] [3] [4] . For this configuration, the tunneling amplitude, a 2 × 2 matrix in spin space, is [20]
comprises all the characteristics of the tunneling matrix that are independent of the spin dynamics, where T is the transfer matrix through the bend in the wire, and G 0 (|r|; E) = −i(πm/ κ) exp[i κ|r|] is the free propagator modified by the SO interaction according to κ = (2mE + k 2 so ) 1/2 . Here k so = k so 1 − (n ·û) 2 , whereû is a unit vector along the direction of the straight segment. The unitary matrix W performs two consecutive spin rotations around the axes r L ×n and r R ×n, as described (for a single segment) semiclassically in Fig. 1(a) . Equation (4) is derived to lowest possible order in the tunneling; the explicit dependence of W 0 on the momenta are omitted for brevity [20] .
The SO interaction modifies significantly the amplitude of the Josephson equilibrium current, while leaving the transmission of the junction in its normal state as in the absence of this coupling. The matrix W, that determines these quantities, depends crucially on the direction n of the electric field. In the "genuine" Rashba configuration,n is normal to the plane of the junction; this is the case described semiclassically in Fig. 1 . Forn ẑ,
In contrast, when the electric field is in the plane of the junction, e.g.,n =ŷ, we find
Spin-orbit coupling may also be induced by strain [25] ; in that case the last term in Eq. (3) is replaced by H so = (∆ strain so /2)k · σ, wherek is a unit vector along the momentum (i.e., along the straight segment) [26, 27] . By defining ∆ strain so
, one finds that W of the strain-induced case has the same form as Eq. (5), except thatŷ is replaced byx. The resulting expressions for the Josephson current and for the normal-state transmission turn out to be the same as for the SO interaction in the "genuine" Rashba configuration.
A calculation of the current emerging from the left lead,
, up to second order in H T , is straightforward [20] . It differs from the standard procedure [28] only in that the spin dynamics caused by the SO interaction must be properly taken into account by allowing the tunneling of electrons to be spin dependent. The current comprises the supercurrent J(ϕ) and the quasi-particle current.
In the absence of the SO interaction, the quasi-particle current scales as the transmission of the junction when in the normal state [28, 29] . The SO coupling modifies this transmission by the factor Tr{WW † }, where the trace is in spin space [20] . This factor is simply 2, the spin degeneracy [see Eq. (4)]; i.e., the SO interaction does not affect the electric conductance (unless the junction allows for geometrically-interfering processes [24] ). The superconducting Josephson current is
where J 0 (ϕ) ∝ sin(ϕ) is the equilibrium Josephson current in the absence of the SO interaction [29] , and ϕ is the superconducting phase difference. The matrix element W σσ depends on the quantization axis of the spins. Choosing this axis to be alongẑ, the "genuine" Rashba configuration implies thatn ẑ, and Eq. (5) yields (cf. Fig. 3 )
(color online) The Josephson current J(ϕ) divided by its value without the SO interaction, J0(ϕ), for the "genuine" Rashba configuration [Eqs. (7)- (8)] as a function of ksod/(2π). The largest amplitude is for zero bending angle, θ = 0, decreasing gradually for θ = π/6, π/5, π/4, π/3, π/2.5 [ Fig. 2(b) ]. Relevant values of kso are estimated in the text.
The Josephson current is thus significantly modified. In contrast, when the electric field is in the plane of the junction,n =ŷ, the matrix W is diagonal [Eq. (6) Two features determine the magnitude of the effect for a given spin quantization axis in the leads (in addition to the strength k so of the SO interaction and the length d over which it acts). One is the extent to which the nanowire is bent [θ in Fig. 2(b) ], and the other is the orientationn of the electric field responsible for the SO coupling relative to the spin quantization axis. Both break spin conservation, which results in Rabi oscillations between the singlet and triplet spin states of the (originally spin-singlet) Cooper pairs passing through the spin-orbitactive weak link. The consequence is a spin splitting of the Cooper pairs that reach the second superconducting lead, where their spin state is projected onto the singlet state. This splitting can result in a Josephson current that is an oscillatory function of the "action" k so d of the SO interaction (Fig. 3) ; the effect may be absent for special directions of the electric field. Both results can be understood in terms of a semi-classical picture, Fig. 1 .
As seen in Eq. (7), the Josephson current can be written as a sum of two contributions. One, |W σσ | 2 , comes from a channel where the spin projections of the Cooper pair electrons, when leaving and entering the weak link, are identical; the other, |W σσ | 2 , arises from another channel, where both electron spins are flipped during the passage. It is remarkable that the two contributions have opposite signs. This is due to a Josephson tunneling "π-shift" caused by electronic spin flips (and is similar to the effect predicted for tunneling through a Kondo impurity [30] ). In particular, a total cancellation of the Josephson current is possible when, e.g., θ = 0 and k so d = π/4; in the limit θ = 0 and k so d = π/2 the Josephson current even changes its sign. This spin-orbit induced interference effect on the Josephson current is specific to a weak link subjected to SO interaction between superconductors. There is no such effect on the current through a single weak link connecting two normal metals.
According to Eq. (7), none or both of the Cooper pair electrons must have flipped their spins as they leave the weak link in order to contribute to the Josephson current. This is because only spin-singlet Cooper pairs can enter the receiving s-type bulk superconductor. However, single-flip processes, where only one of the two tunneling electrons flips its spin, are also possible results of injecting Cooper pairs into a Rashba weak link. Those processes correspond to a triplet component of the spin state of the transferred pair, and can be viewed as evidence for spin polarization of injected Cooper pairs. The triplet component could be responsible for a spin-triplet proximity effect [15] and would presumably contribute a spin supercurrent if higher-order tunneling processes were taken into account.
In conclusion, we have shown that the Josephson current through a weak-link nanowire, locally subjected to the Rashba SO interaction, is sensitive to both the amount of bending and to the orientation of the electric field generating the SO coupling. This allows for a tuning of the supercurrent by mechanical and electrical manipulations of the spin polarization of the Cooper pairs. In particular the Josephson current through an electrostatically-gated device becomes an oscillatory function of the gate voltage. We emphasize that these results follow from the interference of two transmission channels, one where the spins of both members of a Cooper pair are preserved and one where they are both flipped, and that this interference does not require any external magnetic field. It is important, however, that those parts of the device where the superconducting pairing potential is non-zero and where the SO coupling is finite are spatially separated. To lowest order in the tunneling this separation prevents the superconductivity in the leads to have any effect on the dynamical spin evolution in the wire.
Carbon nanotubes and semiconductor wires seem particularly suitable to be used as spin-splitters. Measured Rashba spin-orbit-coupling induced energy gaps in InGaAs/InAlAs (∆ so = 2 v F k so ≈ 5 meV) [31] and InAs/AlSb (∆ so ≈ 4 meV) [32] quantum wells correspond to k so ≈ 4 × 10 6 m −1 . The strain-induced SO energy gap for a carbon nanotube is ∆ 
